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Abstract 

We modify the Laplacian coflow of co-closed (^-structures - 4ft[) = Ai/j where ip is the 
closed dual 4-form of a G2-structure p. The modified flow is now parabolic in the direction 
of closed forms upto diffeomorphisms. We then prove short time existence and uniqueness 
of solutions to the modified flow. 

1 Introduction 

Ever since the Ricci flow has been introduced by Richard Hamilton [13], geometric flows have 
played an important role in the study of geometric structures. The general idea is to begin with 
some general geometric structure on a manifold and then use some flow to obtain a more special 
structure. In the study of (^-structures on 7-dimensional manifolds, an important question is 
under which conditions is it possible to obtain a torsion-free GVstructure (which corresponds to 
manifolds with holonomy contained in G2) from a (^-structure with some other torsion class. 
To do this, one can either attempt a non-infinitesimal deformation of the GVstructure QUI [IT], 
or one can try to construct a flow which interpolate between different torsion classes. The first 
such flow has been proposed by Bryant [3] - if we start with a closed (^-structure, that is one 
for which the defining 3-form ip satisfies 

dip = 

then the Laplacian A(p = dd*(p is an exact form, and hence Laplacian flow of <p 

preserves the cohomology class, and we get a flow of closed GVstructures within the same 
cohomology class. Here denotes the Hodge Laplacian with respect to the metric g v associated 
to the (^-structure P- 

Suppose now M is a compact 7-dimensional manifold with a <J2-structure p. It is then 
possible to interpret the flow (jl.ip as a gradient flow of the volume functional V [1] 



V(tp) = - I tp A *ip (1.2) 
' M 
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Then, the functional V increases mononically along this flow. As shown by Hitchin [T3], for a 
closed GVstructure ip, V attains a critical point within the fixed cohomology class of ip whenever 
d * (p = 0, that is, if and only if <p defines a torsion-free (^-structure. Therefore, it is to be 
expected that if a long-time smooth solution to (jl.ip exists, then it should converge to a torsion- 
free C?2-structure. In [4j [22] it is shown that after applying a version of the DeTurck Trick 
(named after DeTurck's proof of short time existence and uniqueness of Ricci flow solutions [6j), 
the flow (II, ip can be related to a modified flow that is parabolic along closed forms. This was 
then used to prove short time existence and uniqueness of solutions. Moreover, in [22], it was 
shown that if the initial closed GVstructure <p is near a torsion-free structure ip^ then the flow 
(jl.ip converges to a torsion-free (^-structure ip^ which is related to tpi via a diffeomorphism. 

Other flows of (^-structures have also been proposed. In [18J, Karigiannis studied the 
properties of general flows of ip by an arbitrary 3- form. In [2Q|, 121] . Weiss and Witt made 
significant progress while studying gradient flows of Dirichlet-type functionals for (^-structures. 
They have obtained short-time existence and uniqueness results as well as long-time convergence 
to a torsion-free GVstructure if the initial condition is sufficiently close to a torsion-free Gi- 
structure. 

Most of the flows studied focused on flowing the 3- form ip. However, a G2 -structure can also 
be defined by the dual 4-form *ip, which we will denote by ip. It is then natural to consider the 
analogue of the Laplacian flow (jl.ip . but for the 4-form. Such a flow, 



named the Laplacian coflow of (^-structures, has originally been proposed by Karigiannis, 
McKay and Tsui in [19J. Here is the Hodge Laplacian defined by the metric which 
is the metric associated to the (^-structure defined by ip. Note that in [19], there was a minus 
sign on the right hand side of (|1.3j) . The flow (jl.3p shares a number of properties with (jl.ip . In 
particular, if we start with ip closed, that is, a co-closed £?2-structure, then (I1.3P preserves the 
cohomology class of ip. Thus we get a flow of co-closed (^-structures. The volume functional 
can be restated in terms of ip, and then it attains a critical point within the cohomology class 
of ip whenever d * ip = dp = 0. The flow (jl.3p can then also be interpreted as a gradient flow 
of the volume functional, and it is easy to see that the volume grows monotonically along this 
flow. While qualitatively some of the properties are similar to the Laplacian flow on 3-forms, the 
initial conditions are completely different - in (jl.ip we start from a closed GVstructure, while 
in (jl.3p . we start from a co-closed (^-structure. 

In this paper we study the analytical properties of the flow (jl.3p . It turns that despite 
the similarities with the 3- form flow (jl.ip . the 4-form flow cannot be related to a flow that is 
strictly parabolic in the direction of closed forms using diffeomorphisms. Therefore, we propose 
a modified version of (jl.3p . given by 



Here TrT is the trace of the full torsion tensor T of the (^-structure defined by ip, and A is a 
positive constant. The flow (jl.4j) still preserves the cohomology class of ip and if TrT is small 
enough in some sense, the volume functional grows along the flow. We then use the techniques 
from ([4]) to show short-time existence and uniqueness for this flow. 

The outline of the paper is as follows. In Section [2] we give a brief overview of the properties 
of (^-structures and their torsion. In Section [3] we consider the deformations of GVstructures 



(1.3) 



-£ = A^ + 2d((,4-TrT) tp) 



(1.4) 
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in terms of deformations of the 4-form ip, and in Section U] we consider the properties of 
including its linearization. The modified flow (jl.4p is then defined in Section and in Section 
[6] we prove the short time existence and uniqueness of solutions of (|1.4j) . For that we adapt the 
techniques used by Bryant and Xu in [5j for the Laplacian flow of (p. 

2 (^-structures and torsion 

The 14-dimensional group G2 is the smallest of the five exceptional Lie groups and is closely 
related to the octonions. In particular, G2 can be defined as the automorphism group of the oc- 
tonion algebra. Taking the imaginary part of octonion multiplication of the imaginary octonions 
defines a vector cross product on V = M. 7 and the group that preserves the vector cross product 
is precisely G2. A more detailed account of the relationship between octonions and G2 can be 
found in jl]|8].The structure constants of the vector cross product define a 3- form on R 7 , hence 
G2 can alternatively be defined as the subgroup of GL (7, R) that preserves a particular 3-form 
|16j . In general, given a n-dimensional manifold M, a G-structure on M for some Lie subgroup 
G of GL (n, R) is a reduction of the frame bundle F over M to a principal subbundle P with fibre 
G. A GVstructure is then a reduction of the frame bundle on a 7-dimensional manifold M to a 
G2 principal subbundle. It turns out that there is a 1-1 correspondence between (^-structures 
on a 7-manifold and smooth 3-forms p for which the 7-form-valued bilinear form as defined 
by (12. ID is positive definite (for more details, see [2] and the arXiv version of |15j). 

B v (u, v) = - (ujtp) A (v-i<p) A ip (2.1) 
o 

Here the symbol j denotes contraction of a vector with the differential form: 

( Uj( P)mn = u(l( Pamn- 

Note that we will also use this symbol for contractions of differential forms using the metric. 

A smooth 3-form ip is said to be positive if is the tensor product of a positive-definite 
bilinear form and a nowhere-vanishing 7-form. In this case, it defines a unique metric g v and 
volume form vol such that for vectors u and v, the following holds 

Qip (u, v) vol = — (ujp) A (vjp) A tp (2.2) 
o 

In components we can rewrite this as 

Wa6 = ( det Where S ^ = J^<Pamn<Pbp q ( Prst£ mnm ™ ( 2 -3) 

Here s mnpqrst is the alternating symbol with e 12 '" 7 = +1. Following Joyce (|16|). we will adopt 
the following definition 

Definition 2.1 Let M be an oriented 7-manifold. The pair (<p,g) for a positive 3-form ip and 
corresponding metric g defined by \2. 2\) will be referred to as a G2-structure. 

Since a G^-structure defines a metric and an orientation, it also defines a Hodge star. Thus we 
can construct another G2-invariant object - the 4-form *p. Since the Hodge star is defined by the 
metric, which in turn is defined by p, the 4-form *(p depends non-linearly on <p. For convenience 
we will usually denote *p by ip. We can also write down various contraction identities for a 
G^-structure (<p,g) and its corresponding 4-form ip [3| [TT| [T8]. 
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Proposition 2.2 The 3-form p and the corresponding 4-form %p satisfy the following identities: 

^Pabc^mn = QamQbn ~ QanQbm + ^ abran (2.4a) 
Vabc^mnp = 3 U^m^^fc - gb[m<Pnp]a) ( 2 -4b) 

i>abcA mnm = 244-^J + 72^ [ab [mn S^ - 16p [abc p ^ (2.4c) 

where [m n p] denotes antisymmetrization of indices and 5 b a is the Kronecker delta, with 8% = 1 
if a = b and otherwise. 

The above identities can be of course further contracted - the details can be found in [1 1|, I18J . 
These identities and their contractions are crucial whenever any tensorial calculations involving 
<p and ip have to be done. 

For a general G-structure, the spaces of p-forms decompose according to irreducible repre- 
sentations of G. Given a G^-structure, 2-forms split as A 2 = A 2 © A 2 4 , where 

Ay = {ajp: for a vector field a} 

and 

A 2 4 = {oj £ A 2 : (uab) £ g 2 } = {w £ A 2 : ujjp = 0} . 

The 3- forms split as A 3 = A 3 © A 3 © Ar, 7 , where the one-dimensional component consists of 
forms proportional to p, forms in the 7-dimensional component are defined by a vector field 
A 3 = {ajtp: for a vector field a}, and forms in the 27-dimensional component are defined by 
traceless, symmetric matrices: 

A 27 = {x G A 3 : Xabc = V ( h ) = hf a <Pbc]d for h ab traceless, symmetricj . (2.5) 

By Hodge duality, similar decompositions exist for A 4 and A 5 . In particular, we can define the 
A|y component as 

A 27 = |x e A 4 : Xabcd = *V {h) = -^faV'lelM for ^6 traceless, symmetricj . (2.6) 

A detailed description of these representations is given in [21 [3]. Also, formulae for projections 
of differential forms onto the various components are derived in detail in [21 \TT\ [TB] . Note that 
it is sometimes convenient to consider the 1 and 27-dimensional components together - then in 
(12. 5h and (]2.6p we simply drop the condition for h to be traceless. The only difference is that 
for an arbitrary symmetric h, 

*^(h) = -^(h) + ^(Trh)iP (2.7) 

Also define the operators ir\, ttj, and ix^i to be the projections of differential forms into 
the corresponding representations. Sometimes we will also use ~k\®ti to denote the projection 
of 3-forms or 4-forms into A 3 © A| 7 or A 4 © A 4 7 respectively. For convenience, when writing 
out projections of forms, we will sometimes just give the vector that defines the 7-dimensional 
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component, the function that defines the 1-dimensional component or the symmetric 2-tensor 
that defines the 1 © 27 component whenever there is no ambiguity. For instance, 



7T 7 {Xjpf = X a ir 7 (X>) a = X a 

7T1027 (V (h)) ab = Kb 7Ti e2 7 (*V ( h ))ab = ^ob- 

The intrinsic torsion of a (^-structure is defined by Vy>, where V is the Levi-Civita con- 
nection for the metric g that is defined by p. Following [18], it is easy to see 



Vlf G Ay © Ay = W. (2.8) 

Here we define W as the space A 7 <g> Af. Given (jZBD , we can write 

VaVbcd = T a e tp ehcd (2.9) 
where T a b is the full torsion tensor. Similarly, we can also write 

^atpbcde = -4T a[b (p cde] (2.10) 

We can also invert (|2.9p to get an explicit expression for T 

r = ^(Va^)r" (2.ii) 

This 2-tensor fully defines V<y? since pointwise, it has 49 components and the space W is also 
49-dimensional (pointwise). In general we can split T a \, according to representations of G2 into 
torsion components: 

T = Tig + T 7 J(f + T14 + T 2 7 (2.12) 

where n is a function, and gives the 1 component of T. We also have T7, which is a 1-form 
and hence gives the 7 component, and, T14 £ A^ 4 gives the 14 component and T27 is traceless 
symmetric, giving the 27 component. Hence we can split W as 

W = Wi © W 7 © W u © W 27 . (2.13) 

As it was originally shown by Fernandez and Gray [7], there are in fact a total of 16 torsion 
classes of GVstructures that arise as the subsets of W to which V<£> belongs. Moreover, as shown 
in |18j . the torsion components relate directly to the expression for dtp and dip. In fact, in 
our notation, 

dip = 4nV> - 3r 7 A cp - 3 * (r 2 7) (2.14a) 
= -4t 7 A V - 2 * T M . (2.14b) 

Note that in the literature ([31 [5], for example) a slightly different convention for torsion com- 
ponents is sometimes used. Our t\ then corresponds to \tq, r 7 corresponds to — t\ in their 
notation, (T27) corresponds to — |r3 and T14 corresponds to ^T2- Similarly, our torsion classes 
Wi © W 7 © Wu © W27 correspond to W ® Wi ® W 2 ® W 3 . 

An important special case is when the G2-structure is said to be torsion-free, that is, T = 0. 
This is equivalent to Vp = and also equivalent, by Fernandez and Gray, to dp = dip = 0. 
Moreover, a G2-structure is torsion-free if and only if the holonomy of the corresponding metric 
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is contained in G2 [16J . The holonomy group is then precisely equal to G2 if and only if the 
fundamental group tt\ is finite. 

If dip = 0, then we say (f defines a closed (^-structure. Each of the torsion components in 
(|2,14ap has to vanish separately, so t\, T7 and T27 are all zero, and the only non-zero torsion 
component remaining is T14. This class of (^-structures has been important in the study of 
Laplacian flows of ip O HI [22]. If instead, dtp = 0, then we say that we have a co-closed G2- 
structure. In this case, T7 and T14 vanish in (I2.14bp and we are left with t\ and T27 components. 
In particular, the torsion tensor T ab is now symmetric. In this paper we will mostly be concerned 
with co-closed (^-structures. 

We will also require a number of differential identities for differential forms on manifolds 
with a co-closed (^-structure. In many ways this is the explicit version of Bryant's exterior 
derivative identities, but these identities will be useful for us later on. 



Proposition 2.3 Suppose we have a co-closed G2-structure on a manifold M with 3-form ip 
and dual 4- form ip. Let x G A 3 be given by 



X = X^ + 3i v (h) 
then, the co- differential d*x is given by 



(2.15) 



(d*x) bc 



-V r h rm ip r ' 



be 



[b<P 



+ v m x n ip mn bc 



(2.16a) 



(TrT) XV o6c + T mn X n ip m bc + 2X m T n[b ip r> 



T n h V'mnbc 



3 ( v 6 x c ^ a 



6c 



lv n Tr h 



-X a TrT + T ab X b -tp abc T b d h dc 



(2.16b) 



The type decomposition of the exterior derivative dx is 
TTidx 



K7dx 



V a X a + ^TiTTrh-^T ab h 



ab 



V a Trh- V°h ba - V b X c ip a bc - 2T ab X° ) A ip 



3 I -V( a X ft ) + V m /i n ( a </5 r ' 



6) + 3 (V m X m ) g ab 



+ V t PamnV>bpq TmPhnq + T m{oh 



1 



b) 



(Trh)T ai 



-i (TrT) h ab - \g ab (TrT) (Trh) + \g ab (h mn T mn ) 
2 6 6 



(2.17a) 
(2.17b) 
(2.17c) 



Also, up to the torsion terms, the A 3 and A 3 components of dd*x are given by 



Tt\dd*x 
(■K 7 dd*x) a 



~ \V a V b h ab + ^V 2 Tr hj + torsion terms 
(V a V rn X m - V 2 X a - V m V n h np cp mp a ) + torsion terms 



(2.18a) 
(2.18b) 
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Similarly, up to the torsion terms, the Af and Ay components of d*d\ are given by 

Tnd*dx = -j {y<Nbh ah - V 2 Tr /i) + torsion terms (2.19a) 
{^d*d X ) a = ^{V m V n h np ip m P a -V a V m X m -V 2 X a ) + torsion terms (2.19b) 

Proof. These identities are found just by manipulating G2 representation components using 
contraction identities between <p and ip. For the second order identities in order to isolate the 
highest order terms we note that tij (Riem) and the Ricci tensor are expressed solely in terms 
of the full torsion tensor [18] . ■ 



3 Deformations of ip 

Usually deformations of a (-^-structure are done via deformations of the 3-form ip, and from 
that deformations of associated quantities - g, ip and the torsion are calculated. In particular, 
infinitesimal deformations of all these quantities have been written down in [18], while the general 
non- infinitesimal expression were derived in [9|. Since we will be considering a flow of ip, we 
need to re-derive all the infinitesimal results from |18] using a deformation of ip as a starting 
point. Let ((f,g) be a (^-structure. Using the metric, define ip = *(p. Suppose x S A 3 , then 
*X 6 A 4 . Consider a deformation of the GVstructure via a deformation of ip: 

4> — >ip = ip + *x (3.1) 

Assuming ip remains a positive 4- form, it defines a new G2-structure (<f,g)- The 3-form (p is 
given by: 

Vabc = *(lP + *X)abc 

_£innpqrst (^^ _|_ *Xqrst) 9ma9nb9pc 



3! VdetTg 

det g 
det 5 



(<p mnP + X mnP )~9ma~9nb9pc (3.2) 
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In particular, 

S sBe = ( 

, det g t 

where the raised indices with tildes are raised with the new inverse metric g . The new metric 
can be found via the following identity. For any C?2-structure (tp,g), from (|2.4p we find that 

Therefore for the (^-structure {ip,g), we have 

9ab = --^1ParnnpTpbqrs<P mnqi P PrS 

= ~ (^||) i^amnp + *X am np) tybqrs + *Xbqrs) W™* + X™') + X^) (3-4) 
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Without the determinant factor, this is a 4th order expression in x- We can also obtain an 
expression for the inverse metric. Again, from (|2.4p . we have 



' mnpq 

Therefore for ((f,g), we have 



1 

2^ 

1 / det g 



) (V amn + X amn ) (V bm + X hPq ) (Vmnp, + *Xmn Pq ) 



(3.5) 



24 \detg 
Suppose now x is given by 

X = vjip + 3i^ (h) (3.6) 

where v is vector and h is a symmetric 2-tensor. Also suppose that we have a one-parameter 
family tp (t) given by 

Jt^ = * X (3 - 7) 

= -v A ip + 3 * i v (h) (3.8) 

Then the evolution of 3-form, metric, the inverse metric and the volume form is given in the 
following Proposition. 



Proposition 3.1 Under the flow (3.1), the evolution of related objects is given by: 

d 3 

j t V^~9 = ^(Tr/i)7deT^ (3.9a) 

^g a b = 7j (Tr h) g ab - 2h ab (3.9b) 

j t g ab = ~(Trh)g ab + 2h ah (3.9c) 
d 3 

— v = -ttix + k 7 X - K27X (3.9d) 
3 

= - (Tr h) tp + vjtp - 3^ (h) 



Proof. Let 
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det g 



v det g y 

Then substituting (]3.6[) into (|3.4p and fl3.5f) . and taking terms that are first order in \ only, we 
find the infinitesimal deformations of g ab and g ab 

Sg a b = (fry) 5ab + 2 (Tr h) g a b - 2h ab (3.10a) 
Sg ab = (5 7 )g ab + (Trh)g ab + 2h ab (3.10b) 



But now, 



(Si) = - det g (5 det g) = - det g(g ab Sg ab 
= -7<57-12Tr/i 
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Hence, 

5j = -^Trh (3.11) 

Therefore, substituting this into (|3.10j) we obtain (|3.9b[) and (|3.9cp . Also, from (13. lip we imme- 
diately obtain the expression for A -y/det g (I3.9ap . Now to compute ^tp, from (|3.2p we find that 
to first order in x, 

Cp = -I (Tr h) y + X + 3v Q (Tr h) g ab - 2h ab j + O ( X 2 ) 

= ~(Trh)<p + v^-3i v (h) + 0( X 2 ) 
3 

= J^lX + ^lX ~ 7T27X + O (x 2 ) 

and thus we get (|3.9dj) . ■ 

Now that we know how (p evolves, we can easily work out the evolution of the torsion tensor 

Tnh- 



Proposition 3.2 The evolution of the torsion tensor T ab under the flow (3.1) is given by 

^ = ~ (Tr h) T ab - T a c h cb - T a c X d Vdcb - (V c h da ) </ c b + V a X b - ~ (V c Tr h) ^ ab (3.12) 
Proof. From (p2]) we infer that under a general evolution of ip given by 



d 
It 



—ip = Xjip + 3i^ (s) 



for some symmetric 2-tensor s, the evolution of the torsion tensor T ab is given by 

T a c s cb + T a c X\ dcb - (V cSda ) tp cd b + V a X b (3.13) 



dt 

However from (l3.9dp we have that in our case, 

s = ±(Trh)g-h 

Therefore, substituting this into A3. 13H we get (13.121) . ■ 

A key motivation for studying flows of closed GVstructures within a fixed cohomology class 
of the 3-form ip was that a critical point of the volume functional (jl.2p within the cohomology 
class [up] corresponds a torsion-free GVstructure. It is trivial to adapt Hitchin's proof of this 
fact [H] to co-closed G2-structures. 

Proposition 3.3 Let M be a compact 7 '-manifold, and suppose the A-form ip defines a co-closed 
G2-structure on M , so that dip = 0. Let tp = *ip be the corresponding 3-form. Define the volume 
functional V 

V {ip) = \ [ ip Aip. (3.14) 
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M 



Then ip defines a torsion-free Gi- structure if and only if it is a critical point of the functional 
V restricted to the cohomology class [ip] 6 if 4 (M, K). 
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Proof. Consider the variation of V: 



5VU) = \ I <pA%p + - I pA^P 



M ' JM 

— J ^-7Tl *lf> + ~- -M • - 77-27 * < ' I A ' 

+- / ipA^ 
i Jm 

1 

4 



pA^ (3.15) 



Ai 



where we have used (|3.9dp . Now suppose tp = dr\ for some 3- form r/, so that we vary in the same 
cohomology class. Now 

SV (fy = j J cpAdri = ~JdipAr) (3.16) 
Thus 5V = for 7/ if and only if 

dip = 0. 

Since we already have dip = 0, this is satisfied if and only if the (^-structure is torsion- free. ■ 
In the arXiv version of [15], Hitchin has shown that critical points of the functional V (ip) on 
3-forms are non-degenerate in the directions transverse to the action of the diffeomorphism group 
Dif f (M). Here we adapt the proof from |15j to show an analogous result for the functional 
V (V') on 4- forms. 

Proposition 3.4 Suppose the 4-form ip defines a torsion-free G2-structure on a compact 7- 
manifold M . Then the Hessian of the functional V \3. 14\ ) at ip is non- degenerate transverse to 
the action of Dif f (M). 

Proof. Since ip defines a torsion-free GVstructure, it is a critical point of the functional V. Let 
us consider infinitesimal deformations of tp by an exact form dx, for x G A 3 . Then, from (I3,9d|) . 
the deformation of the dual 3-form ip is given by 

3 

D (dx) = t * ^ldx + *^7dx ~ ^ndx- (3.17) 

Now, the tangent space of the orbit of Dif f (M) consists of the forms Cx^P where X is some 
vector field. Suppose dx = C-x^ = d(X_iip) for some vector field X. Then by diffeomorphism 
invariance, we get that D (dx) = C-xP = d (Xjp) and hence p remains closed along the orbits of 
Dif f (M). So now suppose that tp is a critical point but which is degenerate in some direction 
dx which is transverse to orbits of Dif f (M), that is, tp remains torsion- free in the direction of 
dx- Hence for proof by contradiction, we have to show now that if dx orthogonal to d (X_np) for 
any vector field X and d (D (dx)) = 0, then dx = 0. 

If dx is transverse to orbits of Dif f (M) then for any vector field X, 

= / {d X , C x ip) vol = / {dx,d(Xjip))vo\ 
Jm Jm 

(d*d X ,Xj^}vol (3.18) 

M 
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where (•, •) is the standard inner product with respect to the metric g defined by the GVstructure 
on M. Since (|3.18p is true for any X, this means that 

■K 7 d*dx = 0. (3.19) 

Now from the Hodge Theorem, we can write x as 

X = H( X ) + dGd*x + d*Gd X (3.20) 

where H (x) gives the harmonic part and G is the Green's operator for the Hodge Laplacian. An 
important property of G is that it commute with d, d* and the projections onto representation 
components. Then we have 

d X = dd*Gd x = dGd*d x 

However, from (|3.19|) . 

7r 7 Gd*dx = 0. 

So, we can say that dx = drj for r\ = Gd*dx 6 Aj® A^, and moreover 

d*rj = (3.21) 

hence we can assume that x £ A? © A| 7 and d*x = 0. In particular, n 7 d*x = 0. Then if we 
suppose x is given by x = 3i^ (h), from Proposition 12.31 we get that 



V r /i m = -^V a Tr/i 



ir 7 d X = -ciTr (h) A <p 



d[- A (Tr h)<p) (3.22) 



and therefore, from (12.17p . 



4 

Moreover, since x G ^-f © ^27' f rom (12.17P we have that 

nidx = 0. 

Thus from the condition d (D (dx)) = we have 

d*d X - 2d*7t 7 d X = (3.23) 

Now note that 

A7r 7 dx = dd*ir 7 dx + d*dir 7 dx 
= dd*ir 7 dx 

since n 7 dx is exact. Hence by applying the exterior derivative to f)3.23|) . we find that 

Ad X - 2Air 7 d X = 

However the Hodge Laplacian of a torsion-free GVstructure commutes with the component 
projections and we recover 

■K2 7 Adx — Tt 7 Adx = 0. 
Each of the components must vanish individually, and so 

Ad x = 

and thus dx = as required. ■ 
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4 Laplacian of i/j 

Let us now look at the properties of Aip. For now consider a generic GVstructure, so that 

Atp = dd*ip + d*dip 

Note that since tp = *<p, we have 

= *Aip 

so in particular, for the type decomposition of Aip it is enough to look at Aip. 

Proposition 4.1 Suppose ip defines a G2-structure. Then Aip has the following type decompo- 
sition. 

Tt\A(p = (^(V a T^<^ c + ^T^ 

n 7 Aip = (-V a T ae + T ab T\ip e bc + (TrT)T ab ip ab ^^ (4.1b) 

vr 27 A^ = i v (^(V a T bc )ip abc g de -3V a T b(d ip ab e) -3ip abc (d T a bT ce) (4.1c) 



JL ( (Tr Tf - T ab T ba - T ab T cd r hcd + 2T ab T ab + 7iP mnpg T mn T™) g de 



-61 J- ¥mp{d<Pnqe) ~ 6 W (d 1 ab-L e )c ~ 61 d L ae 

Proof. This is a straightforward, but rather long calculation. We first expand Aip in terms of 
the covariant derivative 

(^) abc = (dd*<p + d*d^) abc 

= -3V [a V^ M|6c] - AV d V [d ip abc] 

and then apply the formula for the covariant derivative of ip in terms of T ab (|2.9p . This gives 

de„i. \ A-r-yd 



(^)abc = -3V [a \ t de v M6c] J - 4v d (r [d > Na6c] J . 

Now, expanding further, and applying (|2.10p . we get a full expression for Aip in terms of T and its 
derivatives. This can then be projected onto the components of A 3 to obtain the decomposition 
TO. ■ 

Definition 4.2 Given a differential operator P, denote by D^P (x) its linearization at ip, eval- 
uated at x : 

v«) = ,»»' p(?+w - p( "' 

Proposition 4.3 Consider a non-linear differential operator P v , which is defined by ip, acting 
on the G2-structure ip, given to leading order by 

TT 7 (P v ip) = -V b T b a + l.o.t (4.2) 
vri©27 (P<p(p) = V (a 27 V c T dia ip cd b) + 6 27 V c T (aldl ip cd b) + a x (V c T de ) ip cde g ab ) + l-o.t. (4.3) 
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for some constants 027, 627 and a±. Then the linearization of P^ at ip is given by 



7T 7 (D V P V ) ( X ) 
VTl©27 {D<pP<p) (X) 



(V c V a /w) <p 



cd 



V 2 X b + l.o.t 



Proof. Suppose 

then from (181 we know that 



= a 2 7 y-V a V m h nb (p mn ( d (p ab e ) 

+b 27 (V 2 h de - V (d V lal h a e) + X7 {d V a X lbl ip ab 
+01 (-V 2 (Trh) + V a V 6 /i ab ) g de + l.o.t. 

V = X = X a %p amnp + 3h^ m <p np]a 



Sab 
ab 



2h 



ab 
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-2k 



ab 



and 



f ab = T a c h cb + T a c X d ^ dcb - (V c h da ) ip cd b + V a X b . 
Then consider the linearization of P at p 

7i 7 {DP v ){x) = V a (V c h da )v cd b -V 2 X b + l.o.t. 



V a (V c h da )<p cd b 



vri©27 (DP<p) (x) 



V 2 X b + l.o.t 
-at (V a V m h nb <p mn pl p ab r + Va V b A> afec ) g de 

+b 2 7 (-VaV™^^,,/ e) + V V (d X |6 |^° 6 e) ) + l.o.t. 

627 (v 2 /i de - V a X7 {d h a e) + V a X7 (d X lbl <p ab e)j 

+ai (-V 2 (Tr/i) + V a V 6 /i afeN ) 5de + i.o.t. 



Note that the Laplacian of a general G2-structure ip is given by the above operator P with 
ai = f , a27 = —3 and 627 = 0. As an example, consider the well-studied case of the Laplacian 
A„ of the closed 3-form ip. In this case, since <p is closed, T = T14 only has a component in the 
14-dimensional representation, and is hence anti-symmetric. Moreover, it is a known fact (see 
e.g. [9]), that in this case 

d*T 14 = (4.4) 



and hence the highest order term V a T ae in (|4.1bj) vanishes. Moreover, since T14 G A 2 4 , we 
also have {TiA) ab i p abc = (i.e. the projection to A 2 vanishes). Thus the highest order term 
(V a T bc ) tp abc in (l4Tajl becomes: 

(V a T bc )tp abc = V a ((r 14 ) fcc ^j-(T 14 ) bc V a ^ c 

= (r u ) bc (r u ) ea r abc 
= - 2 ( T u) bc (tu) 



be 



13 



where we have used the identity 

u ab r b cd = -2"cd (4.5) 
for any u G A| 4 . Overall, after similarly simplifying other terms, we obtain 

2 

ttiA^ = - (ri 4 ) o6 (ri 4 ) a6 (4.6a) 

n 7 A v <p = (4.6b) 
ir 27 A v ip = 3(Vb{r u ) {alc ^ d) bc - -g ad (T U ) bc (T U ) bc + 3(t u )\(t u ) m (4.6c) 

. Thus comparing the highest order terms we find that A(p in this case corresponds to the 
operator P in Proposition 14.31 with a\ = a 7 = b 7 = a<n = and 627 = 3. Hence, from 
Proposition 14.31 we get the linearization: 

7r 7 (iVM(x) = (4-7) 
7r le 27 (Dtp&v) (X) = s(v 2 h de -V {d V lal h a e) + V (d V a X lb ^ ab e) ^j+l.o.t. (4.8) 

Now note that if we have % = X a il) amnp + 3h?cp np ] a , from Proposition 12.3^ we know the type 
decomposition of dx, and moreover, from the expansion of d*dx we have the following relations 

= V a (V e X e ) + l.o.t. (4.9a) 
= V 2 Tr h - V a V b h ab + l.o.t. (4.9b) 
= V 2 X a -X7 m V b h nb <p mn a + l.o.t. (4.9c) 

. Also note for a vector a, we have 

d {ajtp) = - (V m a n <p mne )ji> + 3i v (V (m a n) ) (4.10) 

Now let Ye = V e Tr/i and Z e = \/ a Xf ) (p ab e . Then, from (|4.10p . and applying relations (|4.9p we 
get 

ir 7 d(Yjtp) = ^V m (V n Trh)ip mn a = + l.o.t. (4.11) 
n lm7 d(Y^<p) = 3v(V (d V e) Tr/i) (4.12) 
= 3^ \ V( d V m X n ip mn e ^ + V( d V r /i r e ) 



and 



7r 7 d(Z JV p) = I Vd V a X^ ab e /% = -iv 2 X a (4.13) 
7T 1(B2 7d(Z^) = 3v(v (d V a X| 6 |^ b e) ) (4.14) 



2d(Z_ip)-d(y_.p) = - (V 2 X)^ + 3i. - V (rf V r^ + V (d V a AW fe J (4.15) 



Then 

° " ' 7 " ^ • • ' % ^-v (d v r ft' c) -|- v (d v ^.| 6 |^" c) 

So in fact, 

A^ ( X ) = (V 2 X)jxfj + 3L (V 2 /i de ) + 2d(Z_.p) -d(Yj<p) + l.o.t. (4.16) 
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It is easy to see that for any 3-form x-> 

A V X = - (V 2 X) - 3v (V 2 /i de ) + l.o.t. (4.17) 

Thus from (I4.16P we conclude that 

D V A V (x) = -A vX + 2d (Zjtp) - d (Yjip) + dF ( X ) (4.18) 

Since x is closed, A v x is exact, so the lower order terms in the above expression are exact, so 
we rewrite them as an exterior derivative of some 2-form valued algebraic function of x- Thus 
we have derived the same result as in [U [22] : 

Proposition 4.4 ([4], I22j ) If <p is a closed G2-structure, then the linearization of the Laplacian 
A v at (p, evaluated at a closed form x is given by 

D v \ (x) = - A^x - Cv v V> + dF ( X ) (4.19) 
where (V^) m = — 2\7 a X b ip abm + V m Tr h and F (x) ^ s a 2-form valued algebraic function of x- 

The representation of D^A^ (x) as (|4.19p shows us that we can apply the DeTurck trick - 
adding Cy, : jp to (|4.19|) gives an flow that is elliptic in the direction closed forms. In [U[22] this is 
then used to show short-time existence and uniqueness for the Laplacian flow for 3- forms 

Now let us consider the Laplacian of <p for a co-closed G2-structure. In this case, T ab is now 
symmetric, and moreover, from the condition d 2 ip = 0, it satisfies 

V a T ab = V 6 TrT (4.20) 

Proposition 4.5 Suppose ip is a co-closed G2-structure, then the type decomposition of A v p is 
given by 

mA^ip = ^T ab T ab + ^(TiT) 2 (4.21a) 
% 7 \><P = -V a T a d = -V d Tv(T) (4.21b) 
tt 27 A^ = -2,{V c T m )ip d) cb -^p mn a p? q d T mp T nq -3T ab T b d (4.21c) 

+ ^9adT bc T bc + ^g ad (TrT) 2 

Proof. We obtain this directly from (|4.2ip by using the fact that T is symmetric and also 
applying identity (I4.20p . ■ 

Now suppose we have the flow 

^ = A^ = * v A^p (4.22) 

and from (|4.2ip . 

A^ip = d Tr (T) A p + (4.23) 
3 * V (- (V c T (a „|) p d) cb - \p mn aV pq d T mp T nq + l -g ad T bc T bc + l -g ad (TrT) 2 - T ab T b }j 
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Hence, from Proposition 13.11 we find that the metric g evolves as: 

j t g ab = 2 (V c T (oM |) ip b) cd + p mn a <p m b T mp T nq + 2T ac T§ (4.24) 
Note that for a co-closed G2, the Ricci curvature is given by 

Rad = ~ ( V 6 T c(a ) ip d) bc ~ T ab T b d + (Tr T) T ad . (4.25) 
The details can be found in [91 [18] . Hence we can rewrite (|4,24p as 

j t g ab = -2R ab + <p mn a <p pq b T mp T nq + 2 (Tr T) T ad . (4.26) 

Therefore, same as for the Laplacian flow of the 3-form </? [3], the leading term of the metric flow 
corresponds to the Ricci flow. Also, the evolution of the volume form under this flow is given 
by 

^7det^=I(|r| 2 + (TrT) 2 ) (4.27) 

For non-trivial torsion this is always positive and is zero if and only if T = 0. Hence the 
volume functional V (|3.14p grows monotonically along the flow (|4.22p . with an extremum being 
reached along a flow line if and only if the torsion vanishes. We have already seen in Proposition 
13.31 that it is generally true that torsion-free (^-structures correspond to critical points of V 
when restricted to a fixed cohomology class of 92. The Laplacian flow of ip (jl.ip shares the 
property. As shown in [3], the volume form grows monotonically along the flow (II. ip and in 
[3], it was interpreted as the gradient flow of the volume functional with respect to an unusual 
metric. Similarly, we can do the same for (j4.22j) . As in [4], define the following metric on 
dC°° (M, A 3 (M)): 

1 



(Xi.X2>^ = T / fyXi A*X 2 - 

for any exact 4- forms Xi an d X2- As before, is the Green's operator for the Hodge Laplacian 
A^,. From (|3.16p . we know that for an exact 4- form ip, the deformation of V is given by 

f ij) a <p = - 
M 4 j M 

G^ip A A^V 



6V W = 7 / ^ A V = 7 / A ^ G ^ A f 



M 



Hence indeed, the gradient flow of V is given by (|4,22p . 
Now consider the linearization of A^ptp. 

Proposition 4.6 The linearization of A^ at ip is given by 

■k 7 {D^A^){x) = d (divA) A ip + l.o.t. (4.28) 

vr le27 (D^Aj/j) ( X ) = 3 * v (v 2 h de - V {d V\ a \h a e) - V a V {d X\ b ^ ab e) + ^V a V d Tr /i(4.29) 

~ (V 2 Tr/i) gj\ +l.o.t. 
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where x is a 4-form given by 

Proof. To find the linearization, we just take the decomposition of A^tp (|4.23p and use the 
formula (13. 12j) for the variation of T ab . So we have 

t ab = i (Tr h) T ab - T a c h cb - T a c X d ip dcb - {V c h da ) / c b + V a X b - i (V c Tr h) ^ ab (4.30) 
Now, 

7T 7 (D^A^) (x) = d(divX) Aip + l.o.t. 
7r le27 (D^A^p) (x) = 3* v f-V a V m fc n( ^ nM ] 6 |^ a6 e) - V a V (d X| b |V9 afc e) + ^V c (V m Tr fr) ^ m (a | fe |V? d) cb ) 

+Loi. 

= 3 * i v ( V '^e - V (d V| a |/i a e) - V a V {d X lbl <f ab e) + iv o V rf TV/t- i (V 2 Tr fc) ^ 
+Z.o.i. 

■ 

To see that this is not a positive operator, consider the principal symbol (D^A^p) (x) for 
some vector £ : 

7r le27 a c (D^A^) ( X ) = 3 * i„ (lC| 2 ^<fe - £(d£| a |^ e ) " U( d X\b\<P ab e ) + ^ h ~\ \tf h ) 9<^j 

+l.o.t. 

Then, if h = 0, we have 

<(7 S (A^)(x),x) = -4(x,o 2 <0. 

We may attempt to use DeTurck's trick to modify this operator by adding a certain Lie 
derivative CyMip to the flow (|4.22j) . where V (x) is linear in the first derivatives of x, so that 
the modified flow of ip is now given by 

^=A^ + £ v(x) i> (4.31) 

For convenience, denote 

= A^ + C v(x) i/>. (4-32) 

Since ip is closed, we have 

Consider first the type decomposition of d(V (x)-iVO- From Proposition 12.31 we have 

W7 d(V^) = -^V m V n tp mn a Aip + l.o.t. (4.33a) 
vr le27 d (V_^) = 3 * v ("V (m K) + \^ e Ve9m^j + lo.t. (4.33b) 
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. We are only interested in linearizing (I4.32|) in the direction of closed 4-forms, so suppose 
X = * (Xjip + 3iip (h)) is closed, and hence *x = Xjip + 3^ (h) is co-closed. This requirement 
gives a number of conditions on X and h. From Proposition 12.31 we then get the following 

- V r h rm ip m bc - 2V m h n[b <p mn c] + V m X^ mn bc = l.o.t (4.34a) 

V b X c ip a bc -V b h ba -^V a Tvh = l.o.t. (4.34b) 

In particular, from this we get the relations: 

V a V b h ab + ^V 2 Tr h = l.o.t. (4.35a) 

V {a V r h b)r + ^V a V b Trh-V m V {a X lnl <p mn b) = l.o.t. (4.35b) 
V a V m X m - V 2 X a - V m V n h np ip mp a = l.o.t. (4.35c) 

The only possible vector fields that is linear in covariant derivatives of X and h are 

Y e = V e Tr/i (4.36) 
W e = V a h a e (4.37) 
Z e = V a Xw abe (4.38) 

However from (|4.34bp we see that these vectors are linearly dependent, so it is sufficient to take a 
linear combination of any two of them. For convenience we will choose Y and Z. First consider 
d(Y^): 

ir 7 d{Yj^) = ^-iv m V n (Tr/i)v? mn a ^ Aip + l.o.t. = + l.o.t. (4.39a) 
7T lS)27 d (YjVO = 3 * v (" VmV„ Tr h + ^V 2 (Tr h) g mn ^j + l.o.t. (4.39b) 
Similarly, the decomposition of d (Z_iip) is 

X - (V 2 X a - V a V r X r ) + l.o.t. (4.40a) 



ir 7 d(Z^) = [--V m V c X d <p cd n <p mn a ] Aip + l.o.t. 



7r lS)27 d(Z^) = 3 * i v [-VmV {a X n <p mn d) J + l.o.t. (4.40b) 

Hence, if we take 

V = -Y - 2Z (4.41) 
4 

and apply ()4.35bp . we find that the linearization of is now given 

vr 7 (A/,<2v0 (x) = {-V 2 X + 2d (divX)) A if + l.o.t. (4.42a) 
vrie27 (D^Qj,) ( X ) = 3 * i v (V 2 h ad ) + l.o.t. (4.42b) 
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For some vector £, consider the principal symbol <j£ (D^pQ^) x, then 

MD^) X ,X) = ((-\Z\ 2 X + 2Z(Z,X))Aip,-XA^ 

= 4(J£| 2 |X| 2 -2(£,X) 2 ) + 2|£| 2 |/i| 2 (4.43) 

Hence we see that the principal symbol is still indefinite, and so (|4.3ip is not parabolic. Note 
that adding more instances of £zV would not help. To see this, let (d (Zjip)) be the principal 
symbol of d(Zjip) for some vector £. Using (|4.35cp . we get 

(d (Z^)) , X ) = -2i m i n h nv ^ a X a - 2^ a X n ip mn d h ad = (4.44) 

Therefore, Cz^p would not contribute in any way to (|4.43p . However, overall, we have shown 
that we can rewrite the linearized operator A^ip in the following way. 

Proposition 4.7 The linearization of the operator A^ip evaluated at a closed 4-form % given 
by 

X = *(X^ + ^(h)) 

is given by 

D^Aj, ( X ) = -A^x - C v{x) ^ + 2d ((divX) if) + dF ( X ) (4.45) 

where 

y (*)« = Trh- 2V m X n ip mn a (4.46) 
and F (x) is a 3-form-valued algebraic function of X- 
Proof. From (|4.42|) . and using (|4.17p we have 

D^A^ (x) = - A^x - £v(x)^ + 2 ^ (div X) A(p + l.o.t. 
However we can write 

(V 2 X) A (p = d ((div X) p) + l.o.t. 

and whence, 

D^A^p (x) = -A^x ~ £v x V> + 2d ((div X) if) + l.o.t. (4.47) 

However, for a closed ip, A^ip is exact, and now all the higher order terms are exact, so the 
lower order terms must be an exact 4-form, and can thus be represented as dF (x) where F is 
a 3-form which depends algebraically on x- ■ 

5 Modified flow 

In the previous section we have seen that the original Laplacian flow of ip (j 1 . 3 j) is not parabolic, 
and moreover, unlike the Laplacian flow of <p (jl.ip . it is not even weakly parabolic - as we have 
seen, the principal symbol of A^ip is indefinite. Hence, unlike the situation with the Ricci flow 
or the Laplacian flow of <p, we cannot modify this flow to be parabolic just by adding a Lie 
derivative along a vector V. In fact, in our case, we have seen that we choose V such that the 
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Af © A27 component becomes parabolic. However it turns out that this addition cannot fix the 
highest order terms of the A| component of the flow. The main motivation for considering the 
Laplacian flow of tp is that it gives a flow of co-closed (^-structures with the volume functional 
increasing monotonically along the flow, which suggests that if a long-time solution to this flow 
were to exist, it would converge towards a torsion-free C?2-stucture. So let us modify the flow 
(jl.ip such that it becomes weakly parabolic (before applying the DeTurck trick). However, it 
is important that the new flow stays within the class of co-closed G2-structures and that the 
volume functional increases along the flow. 

Theorem 5.1 For a co-closed G2-structure defined by the closed A-form ip, consider the flow 

^ = A^ + 2d((A-TvT)p). (5.1) 

where A is a fixed constant. Then, its linearization is given by 

dx 



dt 



where V (x) is as in Proposition \4- 7| and F (x) *s a 3- form-valued function that is algebraic in 
X- 

Moreover, the evolution of the volume functional ft3.14\ ) is given by 



dV _ 1 
~dt ~ 2 



J (\T\ 2 + TrT (AA — 3Tr T)^ vol. (5.2) 



Proof. Let Q^p denote the operator on the right hand side of (|5.1j) . Expand the extra term in 

2d{(A-TxT)p) = -2d (Tr T) A p + 2 (A - Tr T) dip 

= -2d (Tr T) A p + 2 (A - Tr T) (4t^ - 3 * ^ (r 27 )) 

= -2d(TrT) A p + ^TrT (A - TrT) i; - 6 (A - TrT) * i v {t 27 ) (5.3) 

Thus the only highest order terms are present in the component. From (j3.12|) 

Dip (Tr T) (x) = divX + l.o.t. 
So, the linearization of is given by 

7T 7 {p^Q^j (x) = —d (div X) A p + l.o.t. (5.4) 
7ri ffi27 (p^Q^j (x) = 3* v h 2 h de -V {d V ]al h a e) - V a V {d X w p ab e) + ^V a V d Trh (5.5) 



j(V 2 Trh)g ad ^j + l.o.t. 



4 

more detail From Proposition 14.71 we get that 

( x ) = -A^ x ~ £v( x )^ + 2d ((div X) p) + dF ( x ) 
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so, 

D^{x) = -ATp X -£v{ x )4> + 2d((divX)<p) + dF(x) 
+2d(A<p - (divX) <p) 

= ~^i>X ~ ^Vix)^ + dF (x) 

where F = F + 2Aip, so is also a 3- form- valued function that is algebraic in x- 
Now consider the evolution of the volume functional: 

dV f d 



,\/detg. 
dt J M dt 



From (I4.27P and applying ()3.9ap to (I5.3p . we have 

^2^/detg = ^ (V| 2 + (TrT) 2 ) + 2TrT (A - TrT) 
= i (jT| 2 + TrT(4,4-3TrT)) . 



dt 



In particular we see that if at every time t along the flow the following holds 

A I Trrvol>-/ (TrT) 2 vol (5.6) 
J M 4 J M 

then the volume functional grows along the flow (|5.ip . This is of course true if for positive A 

4 t 

< TrT < -A 
~ 3 



holds everywhere on M for all t. So as long as the condition (15. 6p holds, our flow satisfies all 

dV 
dt 



the desired properties. We can also get an alternative condition for the positivity of From 



(|4.25p we have an expression for the scalar curvature R of a co-closed GVstucture.: 

R = — |T| 2 + (TrT) 2 (5.7) 
Hence, we can rewrite the evolution of \/det g as 



j t Tdit^ = X - (-R + 2 Tr T (2,4 - Tr T)) . 



Thus, ^ > if and only if 



/ iZvol < 2 / Tr T (2A - Tr T) vol (5.8) 
Jm Jm 



6 Short-time existence and uniqueness 

Let us now formulate the initial value problem for which we want to prove short-time existence 
and uniqueness: 
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|V = + 2d ((A — Tr T^) H iji) 

dyj = (6.1) 

*P\t=o = 

Here will adapt the method that was used by Bryant and Xu j3| to show short-time existence 
and uniqueness for the Laplacian flow of <~p (jl.ip . Since for closed ip (t), the right hand side of 

the flow is exact, for any t, i/j (t) stays within the same cohomology class [V'o] an d hence we can 
write 

1> (t) = i/>o + X (t) (6.2) 
where % (t) is an exact form. We can thus rewrite f|6. 1 j) in an equivalent way: 

f tX = A^ + 2d((A-Tr T^) H 

X is exact (6-3) 
X\ t=0 = 

As before, suppose x is given by 

x = * (XjtP + 3i v (h)) . 

Then, as before, define the vector 

V (xT = Trh- 2V m X nl p mna (6.4) 

From Theorem 15.11 we can say that the following initial value problem is parabolic in the 
direction of closed forms 

f tX = + 2d ((A - TrT^,) H V) + £y (x) V 

X is exact (6-5) 

x\ t =o = 



The idea is to first show short-time existence and uniqueness of solutions for the flow (|6.5p , and 
then from these, obtain solutions of (16.3P via diffeomorphisms. Since (|6.5p is parabolic only in 
certain directions, standard theory of parabolic PDEs does not apply, and we thus have to use 
the Nash-Moser inverse function theorem for tame Frechet spaces. This technique was first used 
by Hamilton for the Ricci flow [1'6\ [T2] and Bryant and Xu for the Laplacian flow of (p [4 J . We 
first review basic definitions as introduced by Hamilton |12j . 

Definition 6.1 1. A graded Frechet space J- is a complete Hausdorff topological vector space 
with the topology defined by a collection of increasing semi-norms {\\-\\ n }^Li, so that 

1 1 *^ 1 1 1 1 *^ 1 1 1 1 1 «C 1 1 2 • • • 

for every x G J 7 , so that a sequence converges if and only if it converges with respect to 
each semi-norm and a subset U C J- is open if and only if around every point x £ U there 
exists an open ball contained inU with respect to the semi-norm \\-\\ n for some n. Such a 
collection of norms is called a grading. 
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2. Two gradings {||-|| n }^Li an( ^ {[Hln}°Li are sa ^ ^° ^ e tamely equivalent of degree r and 
base b, if for all x G T 

\A n < C(n) \\x\\' nJrr and \\x\\' n < C (n) \\x\\ n+r (6.6) 

for all n >b. 

3. Let J- and Q be graded Frechet spaces. Then a linear map L : T — > Q is tame if it 
satisfies a tame estimate of degree r and base b, that is, for each n > b the following holds: 

\\Lx\\ n < C(n) \\x\\ n+r (6.7) 

for some constant C (n) that may depend on n. A tame linear map is continuous in the 
topology of T. 

4- Suppose P : J- — > Q is a continuous map. Then P is tame if it satisfies the following 
tame estimate of degree r and base b: 

\\P%\\ n — C (n) (l + ||x|| n+r ) for each n> b (6.8) 

A tame map is said to be smooth tame if all its derivatives are tame. 

5. Let (B, ||-||r) be a Banach space, the S (B) denotes the graded Frechet space of all sequences 
i x k}keN i- n B such that for all n> 

oo 

||{x fc } fceN || n :=^e nk \\x k \\ B < oo (6.9) 

k=0 

6. A graded Frechet space T is tame if there exists a Banach space B and two tame linear 
maps L : T — > S (B) and M : S (B) — > J- such that M o L is the identity on J-. 

The main reason for introducing the Frechet space formalism is the Nash-Moser inverse 
function theorem. 

Theorem 6.2 (Nash-Moser Inverse Function Theorem [12J) Let J 7 and Q be tame Frechet 
spaces, and f : U C T — > Q a smooth tame map. Suppose that 

1. The derivative Df (x) : T — > Q is a linear isomorphism for all x £V( 

2. The map Ux Q — > T given by 

(x, v) — > (Df (x))^ 1 (v) 

is a smooth tame map. Then, f is locally invertible and each local inverse f~ l is a smooth 
tame map. 

As shown in [12], if M is a compact manifold, and V is a vector bundle over M, then the 
space C°° (M, V) of smooth sections of V is in fact a tame space. Different tamely equivalent 
gradings can be chosen, but usually either Sobolev or supremum norms are used. Moreover, 
suppose P is a non-linear (smooth) vector bundle differential operator, then it is also shown in 
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[12] that it is in fact a smooth tame map. Hence Theorem 16.21 is very useful for the study of 
non- linear PDEs since it provides sufficient conditions for local existence of solutions. 

Consider now tame spaces of time-dependent sections of vector bundles, as introduce in |13j . 
Let u £ C°° ([0, T] x M, V) be a time dependent section of the vector bundle V over M. Define 



\U (t)\ H n dt 



(6.10) 



where \-\ H n is the Sobolev norm of u and its covariant derivatives up to degree n. Hence \u\ n 
only takes into account space derivatives. Now, define 



E 

2j<n 



(6.11) 



n-2j 



This is a weighted norm counting one time derivative equal to two space derivatives. In partic- 
ular, the grading (|6,lip makes C°° ([0, T] x M, V) a tame space. We can also define a tamely 
equivalent grading |[-]| n given by 



I ML 



E 

2j<n 



U 



(6.12) 



n-2j 



where [u] n is the supremum norm of u and its space derivatives up to degree n. 
Since we are interested in the flow of exact forms (|6.5p . we introduce the set 



U = { X E dC°° ([0, T] x M, A 3 (M)) : ^ + X is a definite 4-form} 
This is an open set of the space T of time-dependent exact 4-forms on M: 

T = dC°° ([0, T] x M, A 3 (M)) 
Also define the space Q of time-independent exact 4-forms: 

G = dC°° (M, A 3 (M)) 



(6.13) 



(6.14) 



(6.15) 



Now let 

and consider the map 
given by 

X — > 



F : U — > % 



X - A^,V - 2d ((A - TtT^,) ^) - ^v( x )^> x\ t =o ■ 



(6.16) 



Here x = ip ~ V'o- Note that in [3] exactly the same spaces considered for exact 3- forms rather 
than 4-forms, and the map involved the Laplacian flow operator for the 3-form (p. In [H Propo- 
sition 4.2] it was shown that the spaces dC°° ([0,T] x M, A 2 (M)), dC°° (M, A 2 (M)) and hence 
their product are tame. However exactly the same proof applies to exact 3-forms. Thus we have 
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Proposition 6.3 (|4j) The space J- is a tame Frechet space with the grading \\-\\ n restricted 
from C°° ([0, T] x M, A 3 (M)). The space Q is a tame Frechet space with the grading \-\ n and 
the product % = T x Q is a tame Frechet space with the grading \\-\\ n + 

The map F is a smooth differential operator, so it is a tame map. Now to apply the Nash- 
Moser Theorem to the map F f|6. 16j) we thus need to show that the derivative DF (%) : T — > H 
is an isomorphism for all % £ U, and moreover that its inverse is smooth tame. Again, the proofs 
of these facts are almost exactly the same as in [H Proposition 4.2]. 

Lemma 6.4 ([4, Lemmas 4.3 and 4.4]) Given the map F t6.16\) , its derivative 

DF( X ):F^H 

is an isomorphism for all x 

Proof. From Theorem 15 .lj, we get that for closed 6, the derivative of the map F is given by 

DF ( X ) 9=(j t Q + ^ + dF (9) , 9\ t=0 } (6.17) 

where ip = ip + x- To show injectivity we need to show that the initial value problem for a 
closed 4-form 6 

ie + A^e + dF (e) = o 
e\ t=0 = o 

has a unique solution 9 = 0. However this is a linear parabolic PDE, and it thus 9 = is the 
unique solution. 

To show surjectivity, we have to show that for any time-dependent exact 4-form r\ and any 
exact 4-form #o there is a time-dependent 3-form 9 which satisfies 

- f t e + + dP (6) = r, (6ig) 



Since 9 and r\ are all exact, we can write 

9 = da 
r) = d/3 

for time-dependent 3- forms a and /3. Correspondingly, #o = d/3 . Now consider the following 
initial value problem: 

' f t a + A^a + F{da) = P (g20) 

P\t=Q = Po 

From standard parabolic theory, there exists a unique solution /3 (t). Hence 9 = d/3 solves (|6.19p . 
■ 

Now that we have that DF (x) is an isomorphism for each x £ W, we can define the family 
of inverse maps 

{DF)~ l : UxU^F 

(x,e,e ) — )■ (DFix))- 1 ^) 
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Lemma 6.5 The map (DF) 1 : hi x % — > T is smooth tame. 

Proof. From (|6.4p we know that 9 = (DF)" 1 (x,f7,#o) is the unique solution to the linear 
parabolic equation 

{ iB + A<fi + dF(0) = ri (621) 

with ip = ip Q + x- It then follows from standard linear parabolic theory that (DF)~ l is smooth 
tame. For details we refer the reader to [H Lemma 4.7], where exactly the same result is proven 
for 3-forms. It applies in the same way to 4-forms. ■ 

Now we can apply the Nash Moser theorem to the map F. 

Lemma 6.6 ([4, Lemma 0.2]) Suppose x £ U is a solution to 

j- tX - A^ - 2d ((A - Tr 7» H V) - A/( x )^ = V (6 22) 

x\t=o = Xo 

Then for (ij, Xo) G % sufficiently close to (i],Xo), there is a unique solution x(t) t° the system 

ix - - 2d ((A- Tr X^) *^ 0) - C v{3 $ = fj ^ 
X\t=o = Xo 

where = ip + x- 

Proof. The derivative DF of the map F (|6.16p satisfies the conditions of Theorem 16.21 and 
hence F itself is locally invertible. Therefore, given (77, Xo) ^ ^ sufficiently close to (77, Xo), there 
exists a solution x. = F~ l (^>Xo)- ■ 

It is now straightforward to obtain short-time existence and uniqueness of solutions to the 
gauge-fixed flow (|6.5p . 



Corollary 6.7 The initial value problem h6.5\) has a unique solution for the time period [0,e] 
for some e > 0. 

Proof. Here we apply the same method as used in [3], and originally by Hamilton in [13j. Let 
X (t) be a family of 4-forms such that its formal Taylor series at t = is what it must be to solve 
(|6.5p with x (0) = Xo- This can be done by differentiating through the flow equation (|6.5p and 

solving for ^tf • Then let 

6 dt t=o 

V (t) = J t X~ — 2d {{A — TrT^) H VO - A/(x) V> (6.24) 

where ip = ip + x- It follows that the formal Taylor series of 77 at t = is identically zero. By 
translating 77 a little in the t direction, we get a 3-form 77 (t) which is arbitrarily close to 77 (t) and 
which vanishes for t G [0, e] for some e > 0. Then by Lemma 16.61 there exists a unique solution 
X (t) to the system (|6.23p . However, since 77 vanishes up to time e, we get a unique solution to 
(|631) for t G [0,e]. ■ 
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Following the [1], to prove short-time existence and uniqueness for the initial value problem 
(|6.3p . we need to relate (|6.5p and (|6.3p via diffeomorphisms. Let ip (t) be a family of (^-structure 
4- forms, and <f> (t) a family of diffeomorphisms defined by the evolution equation 



Id 



\t=o 



where Xd> W = i^ 1 )* ~~ V'o) an< ^ ^ ^ s gi yen by (|6.4j) . 
Lemma 6.8 T/ie /Zo«; 116. 25\) is strictly parabolic. 
Proof. We have to linearize (|6.25p . Suppose 



ds 



U 



s=0 



for some vector field U. Then, 



3(j) 



-i 



ds 



s=0 



and hence, 



9s 



s=0 



^ _1 )* £ -(*- l ).C^ 



Now, define ?/> 



_1 ) This defines now a new G2-structure. So we have 

= -Cu'tp 



dip 
ds 



s=0 



So in the right hand side of (|6.25p . x = ^P ~ V'o an d whence, 

- V (x) = - Qv a Tr h + V m X n ^ 

where everything is with respect to the G2-structure ip and x is given by 

X = * (Ij^ + 3i^ (hj) . 

Hence 



dV(x) 



Os 



d /3 



s=0 



s=0 



From Proposition 12.31 we get the type decomposition of —Cjj'p = —d (Ujip) — U jdip: 

1 



7T 7 (-Culp) 
7Tl®27 (-£ui>) 



[V m U n ip mn a ) Mp + l.o.t. 



1 



3 * i v ( V( m E/ n ) - -V J7 e # mri j + Z.o.t. 



(6.25) 



(6.26) 



(6.27) 



(6.28) 



(6.29) 



(6.30) 



(6.31) 
(6.32) 
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So 



d (V a Tr h) 



ds 



ds 



= -^v a vV 6 + l.o.t. 

= \v m V p U q (p™ n <p mna + l.o.t. 

s=0 

= -^V 2 U a + ^V a V b U b + l.o.t. 



Whence, the linearization DaV of V at is given by 



(D^V) (U) = ^V 2 U a + ^ V a V h U h + l.o.t. (6.33) 
Given some vector field £, the principal symbol is now 

a^D^V){U) = \\t\ 2 U a + l -e{i,U) 

and hence 

(o^D^V)(U) ,U) = \\i\ 2 \U\ 2 + \{^U) 2 >0 

So indeed, the flow (|6.25p is indeed strictly parabolic. ■ 

Now are finally ready to prove the short-time existence and uniqueness for the initial value 
problem (|6.ip . The proof is again modelled on [3]. 

Theorem 6.9 The initial value problem h6.1\) has a unique solution for t £ [0,e]. 

Proof. From Corollary 16.71 we have a short-time solution x = ^ — f° r flSiSD • In (|6.25p let 

Xs (*) = X (t) > so that it now becomes an ODE, since % (t) is now a fixed family of 4-forms, 
independent of the diffeomorphisms t : 



|0(t) = -y(x(t)) 
id 



,// •" ' " (6.34) 

lt=o 



The ODE ()6.34p has a unique solution t . Now let 

^ = (6.35) 

Since <^ = ^d, 

^(0)=^o- 

Also, 

#(*)=d((^r^(i)) = (^)*#(t)=o 

since diffeomorphisms commute with d and cfo/> (t) = 0. Now let us show that ip (t) satisfies the 
flow equation (16. ip . 

= faY {C-v®* (*)) + (jfi (*)) (6-36) 
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I6.25w here we have used ()6.34p . From (|6.5f) , tp (t) satisfies the flow equation 

jft (t) = A^ + 2d ( (A - Tr T^) *^ $) + C v{ ^ 

Hence 

(&)* (ffi (*)) = +2d([U- TrT^) *^ (#</;)) + (AY {tvmfy 

= A^ + 2d {{A - Tr Tj,) *j, VO + (&)* {fiv®$) 
So overall, from (|6.36|) we find 

j t ^{t) = A^ + 2d{{A-TkT^) H 

Thus indeed, tfj (t) solves the system (|6.ip for a short time < t < e. 

Now let us prove uniqueness. Suppose ipi and ip 2 are two solutions of (I6.ip . and let and 
02 be corresponding solutions of f|6.25|) . For i = 1,2 define 

Both ^ are clearly closed, and satisfy 

pi (t) = (^-(^j.vcej^ (*)) + CO* (p (*)) (6-38) 

= £v(fe) + (#"T (A^ i + 2d((A-TVT^) *^)) 

This is precisely the flow equation (|6.5p . Now, 0, (0) = Id, and ip i (0) = so have same 
initial conditions. However, from Corollary 16.71 we know that the system (|6.5p has a unique 
solution, whence ■0 1 = Then, 0! and 2 satisfy the same ODE (|6.34p with the same initial 
conditions, so are also equal. Therefore, ip 1 = ip 2 - ■ 

7 Concluding remarks 

We have thus found a modified Laplacian coflow of co-closed (^-structures given by 

p (t) = A^V + 2d ((A — Tr T$) H 

for a family of closed 4-forms ifi (t) and a constant A. Given an initial condition tp (0) = ip 
this flow was found to have a unique short-time existence. Moreover, if along the flow TrT^, 
remains non-negative and less than or equal to ^A, the volume functional V (|3.14p increases 
monotonically. An alternative necessary and sufficient condition for this is a bound for the total 
scalar curvature, in terms of TrT^,: 

/ Rvol < 2 / Tr T (2 A — Tr T) vol 
Jm Jm 
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Now the question remains whether in fact such flows do have long-term existence and whether 
indeed the above condition is satisfied along those solutions. It is likely that to prove long-term 
existence of solutions, the method used by Xu and Ye in [22] for Laplacian flow of ip could be 
adapted in this scenario. This will be the subject of further study. Another interesting question is 
whether given solutions of the modified flow (16.ip one can find solutions of the original Laplacian 
co-flow of ip (|1.3p . The answers to these questions should lead to a better understanding of the 
relationships between different torsion classes of GVstructures, and torsion-free (^-structures, 
in particular. 
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